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ULAM-HYERS STABILITY OF A NONLINEAR FRACTIONAL
VOLTERRA INTEGRO-DIFFERENTIAL EQUATION
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Abstract. Using the ψ−Hilfer fractional derivative, we present a study of the Hyers-Ulam-
Rassias stability and the Hyers-Ulam stability of the fractional Volterra integral-differential
equation by means of fixed-point method.
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1. Introduction
The study of the fractional derivatives in systems of differential equations, has been of
great applicability in mathematical models for example, involving problems of population
dynamics, erythrocytes sedimentation rate, among others [1, 2]. On the other hand, studying
the stability of Hyers-Ulam and Hyers-Ulam-Rassias, for solutions of fractional differential
equations has been of great interest [3, 4, 5, 6]. In addition, propose more general results
that involve fractional integro-differential, has also been gaining prominence [7, 8].
By proposing the study of solution stability via fractional integrals and fractional derivatives,
we can generalize the results and obtain the usual ones as particular cases. However, for
the variety of derivative and fractional integrals formulations, in this paper we will use two
recent fractional operators, that is, of general differentiation and integration [9].
The motivation for the elaboration of this paper is the study of the stability of Hyers-Ulam-
Rassias and Hyers-Ulam of the following fractional nonlinear Volterra integro-differential
equation
(1.1)


H
D
α,β;ψ
0+ u (t) = f (t, u (t)) +
∫ t
0
k (t, s, u (t)) ds
I1−γ0+ u (0) = σ
with t ∈ I = [0, T ], where f (t, u) is a continuous function with respect to the variables t
and u on I × R, k (t, s, u) is continuous with respect to t, s and u on I × R × R, σ is a
given constant, HDα,β;ψa+ (·) (Eq.(2.1), below) where 0 < α < 1, 0 ≤ β ≤ 1 and I
1−γ
0+ (·) is
ψ−Riemann-Liouville fractional integral where 0 ≤ γ < 1 [9].
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The paper is organized as follows: in section 2, we present some important preliminary def-
initions and result for the development: the ψ−Hilfer fractional derivative and the stability
definitions of Hyers-Ulam-Rassias and Hyers-Ulam. In section 3, we present and discuss the
main results of the paper, the stabilities of Hyers-Ulam-Rassias and Hyers-Ulam.
2. Preliminaries
In this section, we present the ψ−Hilfer fractional derivative. In this sense, we also present
the definition of stability of Hyers-Ulam-Rassias and Hyers-Ulam by means of the ψ−Hilfer
fractional derivative and important results for the study of the fractional nonlinear differential
equation Eq.(1.1) and its stability.
Let 0 < α < 1, I = [0, T ] be a finite or infinite interval, f an integrable function defined on
I and ψ ∈ C1(I) an increasing function such that ψ′(t) 6= 0, for all t ∈ I. The right-sided
ψ−Hilfer fractional derivative, are defined by [9]
(2.1) HDα,β;ψ0+ f (t) = I
β(1−α);ψ
0+
(
1
ψ′ (t)
d
dt
)
I
(1−β)(1−α);ψ
0+ f (t) .
The following definition is an adaptation of Definition 1.1 as in [10].
Definition 1. If for each continuously differentiable function u (t) satisfying∣∣∣∣HDα,β;ψa+ u (t)− f (t, u (t))−
∫ t
0
k (t, s, u (t)) ds
∣∣∣∣ ≤ Φ (t) ,
where Φ (t) ≥ 0 for all t, there exists a solution u0 (t) of the Volterra integro-differential
equation Eq.(1.1) and a constant C > 0 with
|u (t)− u0 (t)| ≤ C Φ (t)
for all t, where C is independent of u (t) and u0 (t), then we say that the Eq.(1.1) has the
Hyers-Ulam-Rassias stability. If Φ (t) is a constant function in the above inequalities, we say
that Eq.(1.1) has the Hyers-Ulam stability.
The next Theorem 1, is very importance for the study of the main purpose of this paper,
the study of the stability of Hyers-Ulam and Hyers-Ulam-Rassias.
Theorem 1. Let (X, d) be a generalized complete metric space. Assume that Ω : X → X
a strictly contractive operator with Lipschitz constant L < 1. If there exists a nonnegative
integer k such that d
(
Ωk+1x,Ωkx
)
<∞ for some x ∈ X, then following
(1) The sequence {Ωnx} converges to a fixed point x∗ of Ω;
(2) x∗ is the unique fixed point of Ω in X∗ = {y ∈ X/ d (Ωnx, y) <∞};
(3) If y ∈ X∗, then d (y,X∗) ≤
1
1− L
d (Ωy, y).
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Proof. See [11].
3. Mains Results
In this section, we introduce the Lipschitz condition, in order to present and discuss the main
result of this paper, that is, the study of the stability of Hyers-Ulam-Rassias and Hyers-Ulam.
First, we introduce the following hypotheses.
(H1) Let I = [0, T ] be a given closed and bounded interval, with T > 0, and M,Lf and
Lk be positive constants with 0 < MLf +M
2Lk < 1. Suppose that f : I × R → R is a
continuous function which satisfies a Lipschitz condition
(3.1) |f (t, u1)− f (t, u2)| ≤ Lf |u1 − u2| , ∀t ∈ I, ∀u1, u2 ∈ R,
k : I × I × R → R is a continuous function which satisfies a Lipschitz condition
(3.2) |k (t, s, u1)− k (t, s, u2)| ≤ Lk |u1 − u2| , ∀t, s ∈ I and ∀u1, u2 ∈ R.
Theorem 2. Assuming the hypotheses (H1) and ψ ∈ C[0, T ] an increasing function such
that ψ′(t) 6= 0 on I. If a continuously differentiable function u : I → R satisfies
(3.3)
∣∣∣∣HDα,β;ψ0+ u (t)− f (t, u (t))−
∫ t
0
k (t, s, u (s)) ds
∣∣∣∣ ≤ Φ (t) , ∀t ∈ I
where Φ : I → (0,∞) is a continuous function with
(3.4) Iα;ψ0+ Φ (t) :=
1
Γ (α)
∫ t
0
ψ′ (ξ) (ψ (t)− ψ (ξ))α−1Φ (ξ) dξ ≤MΦ (t)
for each t ∈ I, then there exists a unique continuous function u0 : I → R, such that
(3.5) u0 (t) =
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ + Iα;ψ0+ f (t, u0 (t)) + I
α;ψ
0+
[∫ ξ
0
k (t, s, u0 (s)) ds
]
with I1−γ;ψ0+ u (0) = σ, 0 < α < 1, 0 ≤ β ≤ 1 and
(3.6) |u (t)− u0 (t)| ≤
M
1− (MLf +M2Lk)
Φ (t) , ∀t ∈ I.
Proof. In fact, for v, w ∈ X, we set
(3.7) d (v, w) = inf {c ∈ [0,∞] / |v (t)− w (t)| ≤ CΦ (t) , ∀t ∈ I} ,
where X is the set of all real valued continuous functions on I.
Consider the operator Ω : X → X , defined by
(3.8) Ωv (t) =
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ + Iα;ψ0+ f (t, v0 (t)) + I
α;ψ
0+
[∫ ξ
0
k (t, s, v0 (s)) ds
]
for all v ∈ I.
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1. Ω is strictly contractive on X .
Consider the Cvw ∈ [0,∞] be a constant with d (v, w) ≤ Cvw for any v, w ∈ X, that is by
Eq.(3.7), we have
(3.9) |v (t)− w (t)| ≤ CvwΦ (t) , ∀t ∈ I.
So, by Eq.(3.1), Eq.(3.2). Eq.(3.4), Eq.(3.8) and Eq.(3.9), we can write
|Ωv (t)− Ωw (t)|
≤
1
Γ (α)
∫ t
0
ψ′ (ξ) (ψ (t)− ψ (ξ))α−1 |f (ξ, v (ξ))− f (ξ, w (ξ))| dξ +
+
1
Γ (α)
∫ t
0
ψ′ (ξ) (ψ (t)− ψ (ξ))α−1
∫ ξ
0
|k (t, s, v (s))− k (t, s, w (s))| dsdξ
≤ MCvwLfΦ (t) +MLkCvwI
α;ψ
0+
[∫ ξ
0
Φ (s) ds
]
.(3.10)
Also, by inequality Eq.(3.10), we obtain ∀t ∈ I that is d (Ωv,Ωw) ≤ CvwΦ (t) [MLf +M
2Lk].
Hence, we can conclude that d (Ωv,Ωw) ≤ [MLf +M
2Lk] d (v, w) for any v, w ∈ X , where
0 < MLf +M
2Lk < 1.
Thus, by Eq.(3.8), there exists a constant 0 < C <∞, with
|Ωw (t)− w0 (t)|
=
∣∣∣∣∣
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ + Iα;ψ0+ f (t, w0 (t)) + I
α;ψ
0+
[∫ ξ
0
f (t, s, w0 (s)) ds
]
− w0 (t)
∣∣∣∣∣
≤ CΦ (t)
for arbitrary w0 ∈ X , ∀t ∈ I, since f (ξ, w0 (ξ)), k (t, s, w0 (s)) and w0 (t) are bounded on
their domains and min
t∈I
Φ (t) > 0. Thus, the Eq.(3.7) implies that d (Ωw0, w0) <∞. Also, by
Theorem 1.1, there exists a continuous function u0 : I → R such that Ω
nu0 → u0 in (X, d)
and Ωu0 = u0, that is, u0 corresponds to the Eq.(3.5) for all t ∈ I.
Since w and u0 are bounded on I for any w ∈ X and min
t∈I
Φ (t) > 0, there exists a constant
0 < Cvw <∞ such that
|w0 (t)− w (t)| ≤ CwΦ (t)
for any t ∈ I. We have d (w0, w) <∞ for any w ∈ X.
Therefore, we have that {w ∈ X/ d (w0, w) <∞} is equal to X . So, by Theorem 1.2, we
conclude that u0 given by Eq.(3.5), is the unique continuous function.
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From Eq.(3.3) and by Theorem 5 [9], we have∣∣∣∣∣u (t)−
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ − Iα;ψ0+ f (t, u (t))− I
α;ψ
0+
[∫ ξ
0
k (t, s, u (s)) ds
]∣∣∣∣∣
≤
1
Γ (α)
∫ t
0
ψ′ (ξ) (ψ (t)− ψ (ξ))α−1 Φ (ξ)dξ.
Then, by Eq.(3.4) and Eq.(3.8), we have
|u (t)− Ωu (t)| ≤
1
Γ (α)
∫ t
0
ψ′ (ξ) (ψ (t)− ψ (ξ))α−1Φ (ξ) dξ ≤MΦ (t) , ∀t ∈ I;
which implies
(3.11) d (u,Ωu) ≤M.
Again by Theorem 1.3 and Eq.(3.11), we conclude that
d (u, u0) ≤
1
1− (MLf +M2Lk)
d (Ωu, u) ≤
M
1− (MLf +M2Lk)
,
which concludes the proof.
Its important to note that, using the same hypotheses one can consider, always as a theorem,
the stability of Hyers-Ulam-Rassias considering a limited and closed interval [12].
In what follows we introduce and prove a theorem associated with the stability involving
Eq.(3.5) a fractional Volterra integral-differential equation.
Theorem 3. Let 0 < α < 1, 0 ≤ β ≤ 1 and ψ ∈ C1[0, T ] an increasing function such that
ψ′(t) 6= 0 for all t ∈ I. Also Lf and Lk be positive constants with 0 < TLf +
T 2
2
Lk < 1
and I = [0, T ] denote a given closed and bounded interval, with T > 0. Suppose that
f : I × R → R is a continuous function which satisfies a Lipschitz condition Eq.(3.1) and
k : I × I × R → R is a continuous function which satisfies a Lipschitz condition Eq.(3.4). If
for ε ≥ 0 a continuously differentiable function u : I → R satisfies
H
D
α,β;ψ
0+ u (t)− f (t, u (t))−
∫ t
0
k (t, s, u (s)) ds ≤ ε, ∀t ∈ I
then there exists a unique continuous function u0 : I → R satisfying Eq.(3.5) and
(3.12) |u (t)− u0 (t)| ≤
(ψ (T )− ψ (0))α ε
Γ (α + 1)− (ψ (T )− ψ (0))α
[
Lf +
T
2
Lk
] , ∀t ∈ I.
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Proof. Initially, let X the set of all real-valued continuous functions on I. Furthermore, we
define a generalized metric on X by
(3.13) d (v, w) = inf {C ∈ [0,∞] / |v (t)− w (t)| ≤ C, ∀t ∈ I} .
It is easy to see that (X, d) is a complete generalized metric space [10].
Now, we define the operator Ω : X → X by
(3.14) Ωv (t) =
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ + Iα;ψ0+ f (t, v (t)) + I
α;ψ
0+
[∫ ξ
0
k (t, s, v (s)) ds
]
,
∀t ∈ I, for all v ∈ I.
We now prove that Ω is strictly contractive on the generalized metric space X. For any
v, w ∈ X, let Cvw ∈ [0,∞] be an arbitrary constant with d (h, g) ≤ Chg, that is, let us
suppose that
(3.15) |v (t)− w (t)| ≤ Cvw, ∀t ∈ I.
Using the Eq.(3.1), Eq.(3.2), Eq.(3.14) and Eq.(3.15), we deduce
|Ωv (t)− Ωw (t)|
≤
LfCvw
Γ (α)
∫ t
0
ψ′ (ξ) (ψ (t)− ψ (ξ))α−1 dξ +
LkCvw
Γ (α)
∫ t
0
ψ′ (ξ)ψ (t)− ψ (ξ) zα−1
∫ ξ
0
dξ
≤ Cvw
[
Lf (ψ (T )− ψ (0))
α
Γ (α + 1)
+ Lk
T
2
(ψ (T )− ψ (0))α
Γ (α + 1)
]
, ∀t ∈ I.
We conclude that
d (Ωv,Ωw) ≤
(
Lf
(ψ (T )− ψ (0))α
Γ (α + 1)
+ Lk
T
2
Lf (ψ (T )− ψ (0))
α
Γ (α + 1)
)
d (v, w) , ∀v, w ∈ X.
Let w0 any arbitrary element in X. Then there exists a constant 0 < C <∞
|Ωw0 (t)− w0 (t)|
=
∣∣∣∣∣
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ + Iα;ψ0+ f (t, w0 (t)) + I
α;ψ
0+
[∫ ξ
0
k (t, s, w0 (s)) ds
]
− w0 (t)
∣∣∣∣∣ ≤ C,
∀t ∈ I.
Since f (ξ, w0 (ξ)) , k (t, s, w0 (s)) and w0 (t) are bounded on their domain, Eq.(3.13) implies
that d (Ωw0, w0) <∞.
Therefore, according to Theorem 1.1, there exists a continuous function u0 : I → R such
that Ωnw0 → u0 in (X, d) as n→∞ and such that Ωu0 = u0, that is, u0 satisfies Eq.(3.5) for
every t ∈ I. As in the proof of Theorem 2 it can be verify that {w ∈ X/ d (w0, w) <∞} = X.
Due to Theorem 1.2 u0 given by Eq.(3.5), is the unique continuous function.
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From Eq.(3.3) and by Theorem 5 [9], we have
∣∣∣∣∣u (t)−
(ψ (t)− ψ (0))γ−1
Γ (γ)
σ − Iα;ψ0+ f (t, u0 (t))− I
α;ψ
0+
[∫ ξ
0
k (t, s, u0 (s)) ds
]∣∣∣∣∣
≤ ε
(ψ (T )− ψ (0))α
Γ (α + 1)
,
for all t ∈ I, which implies
d (u,Ωu) ≤ ε
(ψ (T )− ψ (0))α
Γ (α + 1)
.
Lastly, Theorem 1.3 together with Eq.(3.7) implies that
|u (t)− u0 (t)| ≤
(ψ (T )− ψ (0))α ε
Γ (α+ 1)− (ψ (T )− ψ (0))α
[
Lf +
T
2
Lk
]
that is the inequality Eq.(3.12) be true for all t ∈ I.
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